The clinical recognition of abnormal vascular tortuosity is important in the diagnosis of many diseases. This paper presents a novel approach to the quantification of vascular tortuosity, using robust metrics based on unit speed parameterizations of three-dimensional (3-D) curvature. The use of approximating polynomial spline-fitting obviates the need for arbitrary filtering of mid-line data which is necessary with other tortuosity indices. The metrics were tested using both two-dimensional and three-dimensional synthesized images that mimicked clinically significant pathologies: two of the three metrics were scale invariant, additive, and produced tortuosity values tailored to be independent of the resolution of the imaging system. Our methodology is designed to explicitly handle the challenge of noisy data, and is largely tolerant of the inaccuracies in the mid-line extraction. While all the proposed metrics are sensitive to gently curved vessels, the rms curvature of the smoothest path was more effective in recognizing abnormalities involving high-frequency coiling such as occurs in malignant tumors. We have also indicated how values from two projection images, such as acquired in biplane angiography, can be combined to give an accurate approximation of the 3-D value of this metric. Our proposed methodology is well-suited to automated detection and measurement, which are a prerequisite for clinical implementation.
Introduction
Vascular tortuosity is the result of accumulation of curvature along blood vessel length.
Sustained, elevated arterial tension eventually results in thinning of the medial vascular layer with consequent dilation and buckling of the affected vessels: tortuosity. Increased tortuosity often occurs in association with arteriosclerotic change in large, medium and small arteries;
thus, a variety of vessels, ranging from the aorta to small retinal vessels, may be affected. The tortuosity of a vessel influences its flow haemodynamics and may exacerbate and compound the initial weakening of the vessel wall, leading to aneurysm formation and potential vascular rupture. While adventitial tethering of large vessels precludes significant twisting or torsion, the resultant curvature can be in different planes, so that a three-dimensional (3-D) measure of tortuosity is required.
Although vascular tortuosity is often estimated using a gross qualitative scale, e.g. mild, moderate, severe and extreme, there is a need to develop a quantitative measure of tortuosity that can be assessed automatically, in order to assess its severity and progression and to investigate the link between tortuosity and the evolution of disease processes [1] [2] [3] [4] . Several possible measures have been proposed, but none has gained universal acceptance. They include the distance factor [3, 5] , the number of inflection points [4] , the angle change along segments [6, 7] and various line integrals of local curvature values [4, 8, 9] , which may be more conveniently computed from second differences of the vessel mid-line [10] .
Vessel tortuosity does not have a formal clinical definition but there are clearly some intuitive properties, which a reasonable index must satisfy in order for it to correlate with the qualitative assessment of an expert observer. In order to obtain a clinically meaningful tortuosity measure, these properties need to be made explicit, and any proposed measure must be shown to satisfy them. The measure should be invariant to affine transformations of a vessel: translation, rotation and scaling. The position and orientation of a vessel do not alter the perception of tortuosity; nor should scaling, since the image of a vessel can be viewed at differing magnifications without affecting its perceived degree of tortuosity. The measure should be sensitive to the morphology of the vessel, i.e. to the shape of its path in space. The distance factor, the ratio of the meandering vessel length to the straight-line distance between its end points, is conceptually simple and easy to compute but does not satisfy this property.
A vessel that bends gradually can yield the same numeric value of the distance index as one that bends more frequently, whereas what is required is that the more bends that occur along the length of a vessel, and the greater their amplitudes, the larger the tortuosity index should be. Most clinicians consider that an ideal tortuosity measure should be additive [8] , i.e. the tortuosity of a composite vessel, comprising several portions, should equal the sum of the tortuosities of those portions. Some of the line integral measures [8] and the second difference index [10] satisfy these conditions. However, in their implementations, they are highly sensitive to noise, both from artefacts introduced during vessel extraction, to obtain the vessel mid-line, and to digitization errors, due to limited image resolution. The latter are compounded because of the use of small groups of consecutive, closely separated, discretely sampled data points to compute local curvatures.
Various low-pass filters have been applied to vessel mid-lines to mitigate digitization errors [4, 8, 10] , but these are ultimately arbitrary and affect the value of tortuosity obtained: the more severe the filtering, the smoother the mid-line and the lower the measured tortuosity.
The use of cubic smoothing splines to filter noisy data [11] relies on an arbitrary weighting parameter and does not address the length of data sub-segment required.
This paper proposes the use of tortuosity metrics related to the curvature of a unit speed curve, obtained by approximating polynomial spline fitting to the discrete data points representing the mid-line of the vessel. Earlier metrics based on curvature [4, 8] were not well-defined because they used arbitrary parameterization; to avoid this problem reparameterization to a unit speed curve has been employed (Appendix A). Curvature based on the Frenet-Seret frame [9, 12, 13] is undefined where the vessel is straight and at points of inflection, resulting in metrics whose values may fluctuate unpredictably for such examples.
In the present method, the fitted curve is not required to pass through each mid-line data point, but rather approach it to within a distance related to the radius of the local blood vessel. The fitted curve is not restricted to the discrete pixel grid so that it can more closely correspond to the actual blood vessel. Approximating polynomial spline fitting captures the essential tortuosity of the vessels without having to place undue reliance on the accuracy of each extracted mid-line point, or employ arbitrary smoothing methods.
Analysis is construed directly in three dimensions (3-D) so that it can be applied to 3-D data sets, which are becoming increasingly available due to the thin, contiguous images now obtainable with helical computed tomography (HCT) and magnetic resonance angiography The utility of the proposed metrics in matching intuitive notions of tortuosity is investigated using computer-generated shapes of varying curvatures, with and without added noise, and simulated 2-D and 3-D blood vessels at differing resolutions. We demonstrate that our proposed metrics preserve scale invariance, additivity, and sensitivity to patterns of clinical significance when applied to noisy data. The relationship between the tortuosity of 3-D datasets and the 2-D projections of them is also explored. 
